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We prove here the

THEOREM. Let A be a uniform algebra on X, E < X a generalized peak
set for A, and f € A. Then for every € > 0 there exists g € A satisfying:

(i) glE=f|E;
(i) leglx=Islls; and
(i) fg—Slx<Uflx=1fle +e

This both refines and extends the result of [1] in which the theorem is
proved for A the disc algebra on the unit circle T, f a fixed member of 4, and
E a varying closed subset of T of Lebesgue measure 0, and condition (iii) is
replaced by || g—/ll;=0(fll = I fllg); it is also proved in [1] that O
cannot be replaced by o, a fact which is immediate from condition (ii).

The theorem is sharp in that the ¢ can never be removed in (iii), and even
for the disc algebra one cannot ordinarily replace (iii) by || g —fll; <l /7 —
I/l if f€ A is not of constant modulus but assumes its maximum-modulus
throughout some arc of 7, take E to consist of one point at which | f] is
strictly less than this maximum.

The method of proof in this paper is rather different from that in [1]. We
use duality together with the following fact |2, II. 12.7 and II.12.5] and its
consequence:

If uEA|E and p is a positive continuous function on X such that
|u| < p on E, then there is w € 4 such that w=u on E and |w|<p
on X. (1

If g€ A and G is any G set containing E, then there is a sequence

(g,) in A such that g,=0 on E, |l g,|lx<lglx, and g,—>g

pointwise off G. (2)
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To derive (2) from (1), use (1) to obtain a sequence (w,) in A such that
w,=1on E, ||w,|ly=1, and w,— 0 pointwise off G; if (1,) is a sequence
of numbers such that |[Ai,/<1 but A4,--—1, then g,=
(A,w, — A )1 —1,(A,w,))"")g works in (2). This is the only point at
which the algebra structure of 4 plays a direct role. If 4 is merely a closed
subspace of C(X), then [2, IL12.5], (1) is equivalent to having u, € A*
whenever 4 € A*. In this situation, (1) permits us to find (w,) in 4 such that
w,=g on E, |[w,ly<| gl and w,— 0 pointwise off G, and g, =g—w,
allows us to deduce (2) with | g,|lx < 2|| glly- The net result is that the
theorem remains true with (iii) replaced by || g —fllx < 201 fllx — | flle) + &
We now prove the theorem. We may suppose || fll.=1<p=|flx
Denote by B the closed unit ball of 4 and by B, the set of functions in B
which vanish identically on E. We begin by proving that if ¢ > 1 then

BN (f+ (p—1)B)+ 2. (3)

If (3) were false there would be ¢ in the closed unit ball of 4% such that
|¢(f+ h)|>c for all hE (p—1)B,. ¢ is given by integration against a
complex regular Borel measure x of total variation norm |ju|l=|¢|. It
follows that if F is any Borel set then the functional on 4 induced by u,, the
restriction of u to F, has norm equal to ||u|, the total variation of u.. Let G
be a G set containing E such that x4, is supported off G. It follows from (2)
and our observations that sup{|¢(h)|: # € B} = ||ug.ll. Since |¢(f) < |luell +
plltpel < 1+ (p ~ D)ltell we have inf{|g(f + h)|: A€ (p — 1) Be} < | $(/)| -
sup{{p(R): A € (p = 1)Bp} < 1+ (p— 1) [lugell ~ (p— 1) llwgell = 1, contra-
dicting our choice of ¢.

Thus (3) holds for c¢>1, so we may choose g.€c 'BN
(¢™ +c¢~*p— 1) B). Define a function p on X by p=min(l —c¢~% 1 —
|g.]). p is continuous, p>1—¢c~'>0 on X, and on E |(l —c¢ %) f|<
I—c"2<1—|g, sothat|(1—c~2)f|<p. By (1) there is h, € A such that
h.=(1—c~ %) fon E and |h.| < p on X. Then g = g, + h, clearly satisfies (i)
and (ii), and

1= gle <If~c™fllx +lle™f —gelly + 1cllx
SU—cDp+ep-D+(1—c7?)

which is less than p— 1 +¢ provided ¢ is near enough to 1 so that
¢? < 2/(2 —¢). The proof is complete.
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